SOME NEW OBSERVATION ON INVARIANT THEORY OF PLANE QUARTICS*
TETSUJI SHIODAt 1. Introduction. Let S(n,m) denote the graded ring of projective invariants of an n-ary form (a homogeneous polynomial in n variables) of degree m. We are interested in the case n = 3 and m = 4. A ternary quartic form F(xo,xi,X2) defines a plane curve of genus 3 if it is nonsingular, and conversely any non-hyperelliptic curve of genus 3 can be realized as such a plane quartic via the canonical embedding, which is unique up to projective transformations. Thus the structure of the ring 5 (3, 4) is closely related to the moduli of genus 3 curves. (For general background of Invariant Theory, see e.g. [4] , [13] .)
More than thirty years ago ( [5, Appendix] ), we calculated the generating function (Poincare series) of 5 (3, 4) and made a few guess (or conjecture?) about the structure of the graded ring 5 (3, 4) . More recently, Dixmier [2] has proved the existence of a system of parameters for this ring (suggested in [5] ) by exhibiting a system of seven explicit projective invariants.
In this paper, we study some close relationship of the ring 5(3,4) of projective invariants to another invariant theory, i.e. to the invariant theory for the Weyl groups W(I?7) and W(EQ) (cf. [1] ). We are led to such a connection from the viewpoint of Mordell-Weil lattices ( [8] , [9] 
We set F 9 = F f . Then, by definition, we have / e 5(3,4) <=> I(F 9 ) = 1(F) {Vg e 5L(3)).
For any ternary quartic form FQ, we call the map / -» I(FQ) the evaluation map of 5 (3, 4) at FQ.
Actually the C-algebra 5(3,4) is obtained from the Q-algebra 5(3,4)nQ^io,^^] by the scalar extension of Q to C. So, in the following, we change the notation so that 5(3,4) will denote this Q-subalgebraof Q[aio,ii,i2] Now we recall the following fact on the normal form of a plane quartic with a given flex (cf. [8, §1] with A = (pojPi}P2) #0? #1 > Q2) € A 6 . In either case, let Tx be the plane quartic defined by fx = 0; the flex is given by the point (XQ : xi : X2) = (0 : 1 : 0). The fact is that every plane quartic with a given flex is isomorphic to Tx for some A € A 7 or A 6 ; the distinction depends on whether the given flex is ordinary or special 1 (i.e. whether the tangent line to the curve at the flex intersects the curve with multiplicity 3 or 4).
It is obvious that the evaluation map / -> /(/A) gives a ring homomorphism
for either type of fx-Let us call it the evaluation map of type E7 or EQ, and denote it by 07 or (pe when we need to specify the cases.
The main purpose of this paper is to establish less obvious relationship between the invariant theory of a plane quartic and the invariant theory of the Weyl group W(E r ) (r = 6,7). To formulate the results, note first that the ring of invariants of W{Er)y say jR(£^r)s can be naturally identified with Q[A] given above (see [1] , [6] , [7] ), which is a graded polynomial ring with the weights of pi or qj assigned as follows: for £7 case: wt(pi) = 12 -4i, wt(qj) = 18 -4j. (ii)For r = 6, the evaluation map <J)Q has a nontrivial kernel which contains a projective invariant J of degree 60. 2 For a graded integral domain R, F(R) will denote the field of fractions of R, and F(i?)(o) will denote the subfield of homogeneous fractions (i.e. the fractions a/b with a, b e R of the same weight). 
with the extension degree
REMARK. (1) Note that both (d=l,...,6,9) ) and are rational fields (i.e. purely transcendental extensions) over Q. The famous rationality question of the moduli space M 3 of curves of genus 3 is equivalent to asking whether .F(5)(o) is a rational field or not. This was answered by Katsylo [3] by a representation-theoretic method. Our approach might be of some use to this question, from a more geometric point of view.
(2) The explicit form of the invariants Id in the Dixmier's system is not necessary to prove Theorem 4, but we shall give it in [11] for a possible use in future.
3. Proof of Theorems. We keep the notation introduced in the above. 9 
(x,t) = u 18 h(x,t).
For any / 6 53d, we have then
which implies
This proves that 07(-0 = -^(/A) has weight 14d for any / G 53d. Thus part (i) of Theorem 1 is shown.
For the normal form of type EQ, fx is a weighted homogeneous polynomial of total weight 12 by taking wt(x) = 4 and wt(t) = 3. The same argument as above shows part (ii) of Theorem 1. To prove <f)(D) = 6 (up to a constant), the simplest would be to assume the knowledge of singularity theory. From this standpoint, note first that the plane quartic Tx is smooth at the points at infinity (i.e. on XQ =0). Thus it will be smooth if and only if the affine curve fx = 0 is smooth. By Jacobian criterion, the latter condition is equivalent to the smoothness of the affine surface S We give here an alternative proof based on the theory of Mordell-Weil lattices (MWL) (cf. [6] , [7] , esp. . A nice fact is that the map P H> C extends to a group homomorphism sp : E(K) -» k (the specialization map at t = 00, up to a constant), which is injective for A generic.
We can choose {P U ...,P 7 } C E{K) such that (Pi,Pj) = Sy + 1/2 (see [8] , [10] Further note that the degeneration of MWL occurs if and only if the affine surface S\> acquires singularities, since both conditions are equivalent to the existence of a reducible fibre in the associated elliptic fibration at t ^ 00.
Thus we have the implication J(A') = 0 => ^(A') = 0. Comparing the degree, we conclude that S = ^(D) up to a constant.
The case of EQ can be treated in a similar way. D REMARK. It is also possible to directly verify p(-D) = S (up to a constant) by means of computer algebra (cf. [11] ).
Proof of Theorem 3. The injectivity of the homomorphism ^7 is clear, because a generic plane quartic can be put in the normal form T\ : f\ = 0 (over a field of rationality of the curve and a flex) ( [8, §1] ).
To prove the second part, we use the notation in the above proof of Theorem 2. For each of the 56 k(t)-rational points P = (x, y) G E\, we have the identity in t:
This means that the line L : x = at + b in P 2 is a bitangent to the plane quartic On the other hand, we view F(S) as a subfield of Q(POJPI>90)--• 5^4) via the injective map fa (Theorem 3). Suppose F is a generic plane quartic. Then it has 24 flexes, say £", which are all ordinary flexes. For each choice of the flex £,,, F is isomorphic to Tx for some A = (pi,qj) G A 7 , with ^ mapped to (0,1,0) G FA; moreover A = A^) is uniquely determined by the condition #4 = 1 for the given pair (r,f") (see [8, §1] (1) about the terminology. A point of undulation is a more standard word for a special flex used in this paper and [8] . See Salmon's book [12] , no. 50, p. 37 and no. 247, p. 218.
(2) about a characterization of undulation. Theorem 3 (ii) is classically known, and is a special case of the following fact. Salmon describes a projective invariant of degree 6(m -3) (3m -2) for a plane curve of degree m whose vanishing expresses the condition that the curve has a point of undulation ( [12] , no. 400, p. 362).
